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Mean absolute deviations for the Weibull distribution:
applications in survival analysis and insurance claims
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Abstract

The Weibull distribution is widely applied in fields such as survival analysis, reliability
engineering, failure analysis, and extreme value theory. Traditionally, Maximum Likelihood
Estimation (MLE) has been commonly used to estimate the parameters of this distribution.
In this paper, we derive a new formula for the mean absolute deviation (MAD) about the
median. We use this formula to derive a MAD-based parameter-estimation method that is
computationally simpler than MLE. We apply our results to analyze the survival times of
breast cancer patients and insurance claim amounts, providing evidence from biomedical
and actuarial domains. We estimate parameters using MLE, MAD, and quantile-based
approaches. The results show that the proposed MAD-based approach is superior to the
other two methods. It demonstrates the practical application of MAD methods in survival
analysis and financial risk modeling of insurance claims, where accurate modeling is crucial
for understanding extreme outcomes.
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1. Introduction

In various fields, from healthcare to manufacturing, accurate statistical models are essen-
tial for evaluating risks and understanding the reliability and survival of systems or patients
(Carroll, 2003). These models play a crucial role in quantifying the probabilities of events
occurring over time. By capturing the temporal dynamics of such events, they enable a
deeper understanding of risk factors, reliability patterns (Almeida, 1999), and longevity pre-
dictions across various domains, including engineering (Kang 2018), finance (Chen, 2011;
Gebizlioglu 2011), and healthcare (Quiroz, 2024), to name just a few. The Weibull distri-
bution is widely utilized in survival analysis and reliability engineering due to its flexibility
in modeling various failure rates, making it a versatile tool for analyzing time-to-event data
and estimating the probability of survival or failure under different conditions (Fogliatto,
2019), (Yoosefi, 2018).

For the Weibull distribution, the Maximum Likelihood Estimation (MLE) is the main
method for parameter estimation (Cohen, 1965; Balakrishnan, 2008). However, MLE has
some limitations, and the MLE method is subject to errors when the data distribution is
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skewed, or outliers are present (Jacquelin, 1993). In such cases, researchers are exploring
alternative methods to provide more accurate and robust estimates (Cohen,1982; Teimouri,
2011; Pobockova, 2014). Some researchers use the Quantiles method as an alternative to
maximum likelihood estimation (Jokiel, 2024). The use of Quantiles offers an insightful
approach for analyzing the variability in the estimated values of α , revealing important as-
pects of the data’s structure and concentration patterns (Pinsky, 2024). This method, which
estimates parameters based on specific percentiles, captures the distribution’s characteristics
in a simplified manner but still fails to eliminate the effects of outliers.

Research has shown that MAD exhibits greater resistance to extreme values and delivers
more reliable estimates, even in the presence of data irregularities, thus reducing the impact
of outliers (Hortobagyi, 2022). In healthcare, building accurate and robust statistical models
of patient survival can inform treatment strategies, guide resource allocation, and improve
patient care by accurately estimating survival probabilities (Cancho, 2020). Accurate sur-
vival estimates are critical for predicting outcomes and assessing risk probabilities.

In this paper, we derive formulas for calculating MAD around the median of the Weibull
distribution. The median is particularly important in cancer survival studies because it pro-
vides a robust measure of central tendency that is less susceptible to extreme values, making
it a reliable reference point for survival outcomes. In addition, we derive three methods for
calculating parameters using MLE, quantiles, and MAD. Finally, we used all three methods
to predict survival in breast cancer patients and model insurance claim amounts, demon-
strating the method’s versatility across biomedical and actuarial contexts. It was found that
MAD provided more accurate predictions with less error than MLE and quantiles. The aim
of this study is to provide a method for calculating Weibull distribution parameters using
MAD to improve the validity of statistical analysis by enabling more reliable estimation
techniques and modeling methods in survival analysis and financial risk assessment.

2. Mean absolute deviations for the Weibull distribution

The Weibull distribution is defined by the following probability density function (PDF)
and cumulative distribution function (CDF):

f (x) =
k
α

( x
α

)k−1
e−(x/α)k

and F(x) = 1− e−(x/α)k
, x ≥ 0 (1)

The quantile function Q(p) is Q(p) = α (− log(1− p))1/k. The quartiles for Weibull
distributions are Q1 = α(log 4/3)1/k, M = α(log2)1/k and Q3 = α(2log2)1/k. The mean µ

and variance σ2 are given by:
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where Γ(·) denotes the Gamma function (Olver, 2010):

Γ(s) =
∫

∞

0
ts−1e−t dt (3)
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To compute mean absolute deviations, we will find it convenient to introduce the auxil-
iary integral:

I(z) =
∫

x≤z
xdF(x) (4)

We can consider I(z) as the partial mean of X computed over all x ≤ z. The mean
absolute deviation (MAD) of X from a constant c is defined as:

H(X ,c) =
∫

x≤c
(c− x)dF(x)+

∫
x>c

(x− c)dF(x) (5)

This can be rewritten as:

H(X ,c) = c(2F(c)−1)+µ −2I(c) (6)

We can express I(c) as:

I(c) =
∫

x≤c
xdF(x) = cF(c)−

∫
x≤c

F(x)dx (7)

Substituting this into equation (6) gives:

H(X , c) = (µ − c)+2α

∫ c/α

0

(
1− e−zk

)
dz

= (µ + c)−2α

∫ c/α

0
e−zk

dz
(8)

From the definition of the upper incomplete Gamma function (Olver, 2010)

Γ(s, x) =
∫

∞

x
ts−1e−t dt (9)

we obtain from equation (8)

H(X , c) = (µ + c)+
2α
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For the Weibull distribution, the mean µ = αΓ(1+ 1/k) = (α/k)Γ(1/k). Thus, the mean
absolute deviation around the mean is:

H(X , µ) =
2α

k
Γ

(
1
k
, Γ

k
(

1+
1
k

))
(11)

The median M of the Weibull distribution is M = α (log2)1/k. Therefore, the mean
absolute deviation around the median is:

H(X , M) = α

[
(log2)1/k −Γ

(
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)
+

2
k

Γ

(
1
k
, log2

)]
(12)

Example 1: For k= 1, we have the exponential distribution with rate 1/α . The mean µ =α



4 W. Zhang, Z. Wang, E. Pinsky: Mean absolute deviations for Weibull distribution...

and median M = α log2. The corresponding mean absolute deviations are: H(X , µ) =

(2α/e) and H(X , M) = α log2

Example 2: For k = 2, we have the Rayleigh distribution with scale σ = (α/
√

2). The
mean is µ =α(

√
π/2). Using the identities Γ(3/2)= (

√
π/2) and Γ(1/2,x)=

√
π erfc(

√
x),

we compute:
H(X ,µ) = α

√
π erfc

(
π

2

)
(13)

The median is M = α
√

log2. Therefore, the MAD around the median for the Rayleigh
distribution is:

H(X ,M) = α

[√
log2−

√
π

2
+
√

π erfc
(√

log2
)]

(14)

Example 3: Consider the Frechet (inverse Weibull) distribution with shape k > 0, scale
α > 0 and location 0 [?]. Its density function (PDF) f x) and cumulative distribution function
(CDF) F(x) given by:

f (x) =
k
α

( x
α

)−k−1
e−(x/α)−k

and F(x) = 1− e−(x/α)−k
, x > 0 (15)

The quantile function Q(p) is Q(p) = α (− log p)−1/k. The quartiles for this distribu-
tion are Q1 = α (log4)−1/k, M = α (log2)−1/k, and Q3 = α(log4/3)−1/k. The mean and
variance are defined only for k > 1 and k > 2 respectively and are:

µ = αΓ

(
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2
(

1− 1
k

)
(16)

For k > 1, the mean absolute deviations exist, and we can derive mean absolute devia-
tions in a manner similar to Weibull in equations (6), (7), (8). For example, for H(X , M) we
obtain

H(X ,M) = α

[
(log2)−1/k −Γ

(
1− 1

k

)
+

2
k

Γ

(
1
k
, (log2)−1

)]
(17)

in complete analogy with the Weibull distribution.

3. Confidence intervals and tail estimation

Let us examine how the MAD deviations can be used to estimate tail probabilities. The
most general bound for any distribution (with finite variance) is Chebyshev’s inequality
(Feller, 1956):

P(|X −µ| ≥ bσ) ≤ 1
b2 (18)

This inequality is useful for b ≥ 1. This inequality follows from the so-called Pearson
inequality (Feller, 1956) with r = 2:

P
(
|X −µ| ≥ bV 1/r

r

)
≤ 1

b2 , where Vr = E(|X −µ|r) (19)
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For r = 1, a much less-known inequality exists for bounds in terms of mean absolute
deviation H(X ,µ) from the mean, namely

P
(
|X −µ| ≥ bH(X ,µ)

)
≤ 1

b
(20)

Similarly, there is an inequality in terms of the mean absolute deviation from the median
H(X ,M) given by (PhamGia, 2001)

P
(
|X −M| ≥ bH(X ,M)

)
≤ 1

b
(21)

Let us compute bounds based on the MAD deviation. First, define δ =H(X ,µ)/σ . Note
that for all distributions we have H(X ,M)≤ H(X ,µ)≤ σ and therefore δ ≤ 1. We can re-
write the MAD-based inequality for H(X ,µ) in equation (20) in terms of σ as follows:

P(|X −µ| ≥ bσ) = P
(
|X −µ| ≥ bσ

H(µ)
·H(µ)

)
≤ δ

b
(22)

Also, we can consider the Peek inequality.

P(|X −µ| ≥ bσ) ≤ 1−δ 2

b2 −2bδ +1
(23)

Comparing equations (18) and (22) we find that MAD-based upper bound for H(X ,µ)

is lower than Chebyshev’s upper bound for 1 ≤ b ≤ 1/δ . Comparing equations (22) and
(23) we find that the Peek inequality is lower than both MAD and Chebyshev for b > 1/δ .
This is shown in Figure 1.

Figure 1. Comparison of Tail Probabilities for the Standard Symmetric Case
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In Figure 1, we compare the exact tail probabilities with three classical bounds: the
Chebyshev bound (equation (18)), the MAD-based bound (equation (22)), and the Peek
bound (equation (23)). For the Weibull distribution with k = 1.6 and α = 1.0, we obtain
µ = 0.90, σ = 0.57, H(µ) = 0.45, and δ = 0.79, which yields the intersection point b∗ =
1/δ ≈ 1.26. For 1 ≤ b < 1.26, the MAD-based inequality provides a tighter upper bound
than either Chebyshev or Peek. For b > 1.26, both Chebyshev and Peek improve upon the
MAD bound, with the Peek inequality offering the sharpest estimate. Nevertheless, none of
these inequalities approximate the exact tail probabilities well, particularly for larger values
of b.

4. Parameter estimation

The most commonly used method for estimating the Weibull distribution parameters α

(scale) and k (shape) is Maximum Likelihood Estimation (MLE). MLE efficiently estimates
parameters by maximizing the likelihood function, making it statistically robust and precise
with large samples. However, MLE can be computationally intensive and sensitive to small
sample sizes or outliers. For this reason, we compare MLE with alternative methods, such
as the Quantiles and Mean Absolute Deviation (MAD) about the median approaches, which
offer simpler computations and may provide more robust estimates in certain cases.

4.1. Parameter estimation using quantiles

Another simple method for estimating the Weibull distribution’s parameters is to use
quantiles. This approach is based on the relationship between the median and the third
quartile. The procedure is as follows:

1. for the Weibull distribution, the median M and the third quartile Q3 are related via
quantiles have the following formulas:{

M = α(log2)1/k

Q3 = α(2log2)1/k
=⇒ Q3 = 21/kM (24)

2. Calculate the sample median M, and find the third quartile Q3, the point where 75%
of the data falls below.

3. Using the formula between the median and third quartile, estimate the shape parame-
ter k as follows:

21/k =
Q3

M
=⇒ k =

log2
logQ3 − logM

(25)

4. Once k is estimated, compute the scale parameter α using the following equation:

α =
M

(log2)1/k =
M

(log2)
log(Q3)−log(M)

log2

(26)
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4.2. Parameter Estimation Using MAD (around Median)

An alternative to Maximum Likelihood Estimation is to use the Mean Absolute De-
viation (MAD) around the sample median, which can be computationally simpler. The
procedure to estimate the parameters α and k is as follows:

1. Compute the sample median M = median{x1, . . . ,xn}, which represents the central
tendency of the data.

2. Compute the Mean Absolute Deviation H about the sample median M:

H =
1
n

n

∑
i=1

|xi −M| (27)

where H measures the spread of the data around the median.
3. From the Weibull distribution properties, we use the following relationship:

H
M

= 1− 1
k(log2)1/k

[
Γ

(
1
k

)
+2Γ

(
1
k
, log2

)]
(28)

where Γ is the Gamma function, and Γ(a,b) is the incomplete Gamma function. This
equation provides an estimate of k, the shape parameter.

4. Once k is estimated, compute α , the scale parameter, from the following equation:

α =
M

(log2)1/k (29)

5. Estimation results

To assess the accuracy of the proposed parameter estimation, we will generate Weibull
distributions and compare our method with maximum likelihood and quantile methods.

To generate Weibull distribution, we generate n random values pi ∈ (0,1) and compute
xi = Q(pi) from the quantile function. We repeat this procedure 100 times and report the
estimation results (averages and standard deviation SD for parameters k and α) for the
Weibull distribution in Table 1. As shown in the table, the results for k are more accurate,
with a much lower SD, than those obtained with the quantile method.

Figure 2 presents the relative percentage error for estimating the shape k and scale α

parameters.

As can be seen from Figure 2, for estimating the shape k, the Mean Absolute Deviation
from Median method (MAD-M) is very close to Maximum Likelihood, and both methods
give better results than the quantile method. On the other hand, for estimating the scale α ,
the MAD-M method is worse than the quantile and MLE for smaller sample sizes n (up to
200), but for large n, the proposed method is similar to MLE and superior to the quantile
method. One advantage of the MAD-M method is its reduced sensitivity to outliers in the
estimated parameters.
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Table 1. Estimation Results for the Weibull Distribution (k = 1, α = 2)

Method
n = 100 n = 200

k α k α

Mean SD Mean SD Mean SD Mean SD

MLE 1.0132 0.0830 2.0036 0.2055 1.0123 0.0564 2.0021 0.1520
MAD−M 1.0162 0.1013 2.0147 0.2514 1.0132 0.0698 2.0049 0.1827
Quantile 1.0468 0.1962 2.0079 0.2318 1.0287 0.1347 2.0016 0.1697

n = 400 n = 800

MLE 1.0031 0.0402 2.0021 0.1091 1.0015 0.0277 1.9996 0.0751
MAD−M 1.0021 0.0483 2.0012 0.1257 1.0011 0.0345 2.0005 0.0901
Quantile 1.0113 0.0923 1.9986 0.1220 1.0066 0.0666 1.9986 0.0852

Figure 2. Relative Percentage Error Plots for the Weibull Distribution (k = 1 and α = 2)

6. Case Study I: Analysis of Breast Cancer Survival Time Using MLE
and MAD Methods

Data for this analysis were sourced from the cBioPortal platform, specifically the Breast
Cancer (METABRIC) dataset, which contains clinical data for thousands of breast cancer
patients. In this study, we analyze patient data from the METABRIC dataset, focusing on
key clinical attributes related to breast cancer survival. To streamline the presentation, we
employ several common abbreviations in our tabular data. Type of Surgery is abbreviated
as mastectomy (Mast) and breast-conserving surgery (BCS). For Cancer Type Detailed, we
use Invasive Ductal Carcinoma (IDC), Mixed Ductal and Lobular Carcinoma (MDLC), and
Invasive Lobular Carcinoma (ILC). The sample is presented in Table 2.

These abbreviations are widely used in clinical oncology literature and facilitate a more
concise representation of patient data, particularly when discussing multiple cases in sur-
vival analysis. The selected columns, including age at diagnosis, type of surgery, cancer
subtype, chemotherapy status, and overall survival (measured in months), are crucial for
understanding patient outcomes and the factors influencing survival rates.
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Table 2. Sample of Breast Cancer Patients from the METABRIC Dataset
(Mast. = Mastectomy, BCS = Breast-Conserving Surgery, IDC = Invasive Ductal Carcinoma,
MDLC = Mixed Ductal and Lobular Carcinoma, ILC = Invasive Lobular Carcinoma).

Patient ID Age at Diagnosis Type of Surgery Cancer Type Chemotherapy Survival (Months)
MB-0000 75.65 Mast. IDC No 140.5
MB-0002 43.19 BCS IDC No 84.63
MB-0005 48.87 Mast. IDC Yes 163.70
MB-0006 47.68 Mast. MDLC Yes 164.93
MB-0008 76.97 Mast. MDLC Yes 41.37
MB-0010 78.77 Mast. IDC No 7.80
MB-0014 56.45 BCS IDC Yes 164.33
MB-0020 70.00 Mast. ILC Yes 22.40

In this study, we used three statistical methods—Maximum Likelihood Estimation
(MLE), Quantiles, and Mean Absolute Deviation (MAD)—to estimate the parameters of
the Weibull distribution for breast cancer survival data. The Weibull distribution is popular
in survival analysis because it can model different survival time patterns and risk profiles
(Muhammad, 2024). Our main aim was to see how well each method predicted the median
survival time and scale parameter α (Hirst, 2021).

In this analysis, we use survival time data from breast cancer patients and randomly
split the dataset into equal training and test sets (50%/50%). To ensure robust results, the
training-testing process is repeated 1,000 times. In each iteration, considering the impor-
tance of median survival time in handling skewed data and outliers in medical and survival
studies, we apply the Maximum Likelihood Estimation (MLE) and the Quantiles and Me-
dian Absolute Deviation (MAD) methods to estimate the scale parameter (α) of the Weibull
distribution and predict the median survival rate of patients, using the test data for error
analysis.

It is critical to analyze the scale parameter α and the mean error of the median predic-
tion because these metrics directly affect the accuracy and reliability of survival predictions
in the clinical setting. The scale parameter α determines the distribution of survival times;
inaccurate estimates can lead to significant bias in predicting survival probabilities. Simi-
larly, the predicted median survival time is a key metric in medical statistics, indicating how
long half of the patients are expected to survive, and it serves as an important benchmark in
survival studies. Minimizing the error in these two metrics is therefore critical to generating
more accurate estimates and improving the overall reliability of survival models.

The results of the analysis are summarized in Table 3, showing the differences in perfor-
mance between the Maximum Likelihood Estimation MLE, Quantiles, and MAD methods.

The median survival time predicted using the MLE method was 104.58 months with
a mean prediction error of 12.15 months. The Quantiles method improved in prediction
accuracy, predicting a median of 116.68 months with a mean error of 4.22 months. The
MAD method, on the other hand, provided the closest prediction to the actual median, with
a median prediction of 116.58 months and a significantly lower mean error of 3.79 months.

Regarding the Weibull distribution parameters, the MAD method also showed higher
accuracy than the other methods. The shape parameter k was estimated to be 1.56 by the
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Table 3. MLE, Quantile, and MAD results for Breast Cancer Survival Data.
Metric MLE Quantiles MAD
Shape parameter k 1.56 1.51 1.51
Median Survival Time from prediction method (months) 104.58 116.68 116.58
Error in Predicted Median (months) 12.15 4.22 3.79
Error in Predicted Median (%) 10.75 3.70 2.46
Scale parameter α 132.18 148.83 148.73
Error in Scale parameter α 7.50 3.83 3.39
Error in Scale parameter α (%) 5.47 2.46 2.33

MLE method and 1.51 by both the Quantiles and MAD methods. For the scale parameter
α , which determines the distribution of the survival time, the estimates were 132.18 by the
MLE method, 148.83 by the Quantiles method, and 148.73 by the MAD method. For the
mean error of α , the MAD method had the lowest error of 3.39, the Quantiles method had
3.83, and the MLE method had the highest error of 7.50. These results suggest that the MAD
method is more robust than the MLE and Quantiles methods for predicting median survival
time and scale parameters in cancer research and, therefore, can provide more accurate
survival predictions in the clinical setting.

This finding has important implications for practical research. Accurate prediction of
median survival time is critical in clinical survival analysis as it is a key metric for assessing
treatment efficacy and patient prognosis (Hazim, 2025). The MAD method’s ability to
efficiently handle outliers ensures that predictions are not overly influenced by extreme
survival times, making it a more robust tool for predicting patient outcomes. In contrast,
despite its widespread use, the MLE method may not be as robust as the MAD method in
biased datasets, leading to less accurate predictions in some cases.

7. Case Study II: Analysis of Insurance Claims Using MLE and MAD
Methods

Data for this analysis come from an insurance claims dataset that captures demographic
and clinical attributes, as well as claim amounts. The columns include patient age, gen-
der, BMI (Body Mass Index), blood pressure, diabetic status, number of children, smok-
ing status, region, and total claim amount. These factors are commonly used in actuarial
modeling to understand claim severity and to identify risk drivers across demographics and
geographic areas. For brevity, we employ several abbreviations in our tabular presentation:
regions are abbreviated as Southeast (SE), Northwest (NW), and Southwest (SW); diabetic
status and smoking status are recorded as Yes/No (Y/N). In this sample slice, children are
all 0 and smoker is No for all rows; other values may appear in the full dataset. The sample
is presented in Table 4. The selected columns are pertinent to claim severity modeling and
facilitate comparisons across sex, metabolic factors (e.g., BMI, diabetic status), and region.

The results of the analysis are summarized in Table 5, showing the differences in perfor-
mance between the Maximum Likelihood Estimation (MLE), Quantiles, and MAD meth-
ods.
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Table 4. Sample of Insurance Claims (Selected Records)
Patient ID Age Gender BMI Blood Pressure Diabetic Children Smoker Region Claim

1 39.0 Male 23.2 91 Yes 0 No SE 1,121.87
2 24.0 Male 30.1 87 No 0 No SE 1,131.51
8 19.0 Male 41.1 100 No 0 No NW 1,146.80

19 49.0 Male 35.4 97 Yes 0 No SW 1,263.25
25 50.0 Female 20.8 85 Yes 0 No SE 1,607.51
29 58.0 Female 31.1 87 No 0 No SE 1,621.88
31 29.0 Male 20.4 80 Yes 0 No NW 1,625.43
40 49.0 Female 39.8 100 Yes 0 No SE 1,633.96

Table 5. MLE, Quantile, and MAD results for Insurance Claims Data.
Metric MLE Quantiles MAD
Shape parameter (k) 1.15 1.23 1.15
Median Claim from prediction method (USD) 9,641.87 9,341.35 9370.01
Absolute Error in Predicted Median (USD) 483.84 450.84 427.56
Relative Error in Predicted Median (%) 5.16 4.81 4.56
Scale parameter (α) 13,235.47 12,655.27 11,356.77
Absolute Error in Scale parameter (α) (USD) 812.25 873.21 519.36
Relative Error in Scale parameter (α) (%) 6.13 6.90 4.57

In this study, we applied Maximum Likelihood Estimation (MLE), Quantiles, and Mean
Absolute Deviation (MAD) to fit a Weibull distribution to insurance claim amounts. The
Weibull distribution is widely used in actuarial modeling because it accommodates skewed
and heavy-tailed data often observed in claim severity (Hamza, 2023). We focused on two
key metrics: the median claim amount, which provides a robust measure of central tendency,
and the scale parameter α , which governs overall claim dispersion and impacts pricing and
capital planning.

The dataset was split into equal training and test subsets, and the estimation process
was repeated multiple times to ensure stable averages. As shown in Table 5, the MAD
method yielded the smallest relative errors for both the predicted median (4.56%) and scale
parameter α (4.57%), outperforming MLE and Quantiles. These results highlight MAD’s
robustness in handling variability and outliers, making it a practical alternative for improv-
ing the reliability of insurance risk models and premium estimation.

8. Conclusion

In this paper, we presented the formula for the Mean Absolute Deviation (MAD) about
the median of the Weibull distribution and provided the calculations for the scale and shape
parameters using three methods: Maximum Likelihood Estimation (MLE), the Quantiles
method, and the Mean Absolute Deviation (MAD) around the median method.

The application of these methods to real-world data underscores the importance of se-
lecting an appropriate statistical approach based on the dataset’s characteristics. In survival
analysis, where outcomes can vary widely, methods such as MAD that reduce the influence
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of outliers yield more reliable and clinically relevant predictions. Similarly, in actuarial
science, modeling insurance claim amounts with MAD improves parameter estimation ro-
bustness, particularly for heavy-tailed or skewed distributions where extreme values are
common. While MLE and Quantiles remain valuable techniques, they are more sensitive to
outliers and may produce less stable estimates. Therefore, for future research involving sur-
vival data or financial risk modeling of insurance claims, particularly when the data follow
a Weibull distribution, the MAD method based on the median is recommended as the most
accurate and robust approach for parameter estimation and prediction.
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